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Derivative-Free Optimization

min
x∈Rn

f (x) =⇒ (e.g.) xk+1 = xk − αk∇f (xk)

• How to calculate derivatives of f ?

– Write code by hand

– Finite differences, f ′(x) ≈ f (x+h)−f (x)
h

– Algorithmic differentiation/backpropagation

• Impractical if function evaluation is black-box, computationally expensive or noisy

• How to pick stepsize/learning rate?

– Calculate Lipschitz constant L of ∇f
– Hyperparameter tuning

– Adaptive procedures (e.g. linesearch)

• Prefer adaptive procedures (no tuning, fits to local curvature, L often not known)
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Derivative-Free Optimization

For black-box, computationally expensive and/or noisy functions, we cannot assume

access to gradient information.

Alternative: derivative-free optimization (DFO)

• Assume can evaluate f (x) but not ∇f (x), etc. (but still assume f is differentiable)
– Harder again are comparison oracles: given x and y , say which is better (but no

values of f ), e.g. survey results [Cai et al., 2022; Scheinberg & Xiong, 2026]

• Focus on local minimization methods (actually, approximate stationary point:

∥∇f (x)∥ ≤ ϵ)

• Consider efficient & adaptive methods with no need for parameter

tuning/knowledge of Lipschitz constants

Applications (outside robotics): climate physics, quantum optimization, engineering

design, ML, ... [Alarie et al., 2015; Lin et al., 2026]
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Outline

1. Model-Based DFO

2. Bounded Noise

3. Stochastic Noise with Constraints
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Model-Based DFO

There are many local DFO methods (e.g. Nelder–Mead, direct search). One popular and

successful framework is model-based DFO (MBDFO).

The basic approach behind an MBDFO algorithm is:

• Use evaluations at points near xk to build a local model for the objective

• Perform one iteration of a trust-region algorithm (using this model instead of a

Taylor-type approximation) to get xk+1 [Conn et al., 2000]

Theoretically, the core idea is:

• Select ‘good points’ to build the model

• Model error = O(Taylor series error)
• Standard trust-region convergence theory still holds
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Model-Based DFO

The basic MBDFO algorithm is:

• Build a Taylor series-like local quadratic model for the objective

f (y) ≈ mk(y) = f (xk) + gk
T (y − xk) +

1

2
(y − xk)

THk(y − xk)

• Get step by minimizing model in a neighborhood

sk = argmin
s∈Rn

mk(xk + s) subject to ∥s∥ ≤ ∆k

=⇒ ‘trust region’ subproblem – specialized algorithms exist

• Accept/reject step and adjust ∆k based on quality of new point f (xk + sk)

xk+1 =

{
xk + sk , if sufficient decrease, ←− (maybe increase ∆k)

xk , otherwise. ←− (decrease ∆k)
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Model-Based Optimisation

• Build a Taylor series-like model

f (y) ≈ mk(y) = f (xk) + gk
T (y − xk) +

1

2
(y − xk)

THk(y − xk)

and find gk and Hk without using derivatives

• How?

Interpolate f over a set of points — find gk , Hk such that

mk(y) = f (y), ∀y ∈ Y

For convergence, need mk to be fully linear:

|f (y)−mk(y)| ≤ O(∆2
k) and ∥∇f (xk)−∇mk(xk)∥ ≤ O(∆k)

Achievable if points in Y are well-spaced (in a specific sense).

[Powell, 2004; Conn, Scheinberg & Vicente, 2009]
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Example: Model-Based DFO

1. Choose interpolation set

Noise in Model-Based DFO — Lindon Roberts (lindon.roberts@unimelb.edu.au) 8



Example: Model-Based DFO

2. Interpolate & minimize...
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Example: Model-Based DFO

3. Add new point to interpolation set (replace a bad point)
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Example: Model-Based DFO

4. Repeat with new interpolation set & model
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Practical MBDFO

The best-performing MBDFO software uses incremental geometry set updating:

• Build local model mk using current interpolation set

• Calculate a step sk and accept/reject

• Add xk + sk to the interpolation set (replacing one ‘bad’ point)

• If needed, change one more point the interpolation set, purely to improve the

geometry

Most popular in practice are Powell’s algorithms (COBYLA, UOBYQA, NEWUOA,

BOBYQA, LINCOA) — see Zaikun Zhang’s PRIMA package on Github (or my

Py-BOBYQA & DFO-LS codes).

Typically measure performance by “# evaluations of objective required to achieve given

objective improvement”.
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Recent Example

These methods were recently applied to robotics: [Landers et al., 2026]

• In this context, “maximum objective improvement given a fixed # evaluations”

doesn’t reflect reality

• Instead, measurement time for f (x) can depend on how many coordinates in x
have been changed since the last measurement

• Propose a modified trust-region step that biases (block) coordinate perturbations

Improves over Powell’s NEWUOA for optimizing angles of optical components (to

maximize laser power).

Nelder–Mead and Bayesian Optimization tested, but much worse in practice.
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Bounded Noise

In reality, many situations do not have exact objective values available:

min
x∈Rn

f (x) but only have access to f̃ (x) ∈ [f (x)− ϵf , f (x) + ϵf ]

Assuming a constant, bounded noise level ϵf .

• Can be deterministic (e.g. floating-point errors) or stochastic noise

(e.g. measurement error, Monte Carlo error)

• Value of ϵf may not be known

– Can be estimated, even for deterministic noise [Moré & Wild, 2011]

• Cannot expect convergence to a solution (e.g. ∥∇f (xk)∥ → 0), since can never be

sure if f (xk + sk) < f (xk) when they are too close [Chaudhry & Scheinberg, 2025]
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Example: Model-Based DFO

Fortunately, running an MBDFO algorithm with no modification still works well:

0 50 100 150 200 250
Number objective evaluations

10 5

10 4

10 3

10 2

10 1

100

101

102

Tr
ue
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bj
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tiv

e 
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lu
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f = 10 5

f = 10 3

f = 10 1

Minimizing Powell Singular function (f ∗ = 0) using Py-BOBYQA with stochastic

noise U([−ϵf , ϵf ])
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Theory

In theory, bounded noise gives model accuracy bounds (assuming ‘good’ interpolation

set):

|f (y)−mk(y)| ≤ O(∆2
k + ϵf ) and ∥∇f (xk)−∇mk(xk)∥ ≤ O

(
∆k +

ϵf
∆k

)

This gives convergence to a neighborhood of a solution (with associated rates).

Theorem (LR, 2025)

Under standard assumptions on f (e.g. Lipschitz continuous gradients), a standard

MBDFO algorithm achieves ∥∇f (xk)∥ < ϵ after at most O(ϵ−2) iterations/objective

evaluations, provided ϵ > ϵmin = O(√ϵf ).
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Parameter Adjustment

Useful heuristic: for noisy problems, decrease ∆k more slowly on unsuccessful

iterations (∆k+1 = γdec∆k for γdec < 1). [Cartis et al., 2019]
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(γdec, α1, α2) = (0.5, 0.1, 0.5) (1 sample)
(γdec, α1, α2) = (0.5, 0.1, 0.5) (5 samples)
(γdec, α1, α2) = (0.98, 0.1, 0.5) (1 sample)
(γdec, α1, α2) = (0.98, 0.1, 0.5) (5 samples)
(γdec, α1, α2) = (0.98, 0.5, 0.8) (1 sample)
(γdec, α1, α2) = (0.98, 0.5, 0.8) (5 samples)
(γdec, α1, α2) = (0.98, 0.9, 0.95) (1 sample)
(γdec, α1, α2) = (0.98, 0.9, 0.95) (5 samples)

Uniform noise ϵf = 10−2

1 2 4 8 16 32

Budget / min budget of any solver

0.0

0.2

0.4

0.6

0.8

1.0

P
ro

po
rt

io
n

pr
ob

le
m

s
so

lv
ed

(γdec, α1, α2) = (0.5, 0.1, 0.5) (1 sample)
(γdec, α1, α2) = (0.5, 0.1, 0.5) (5 samples)
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(γdec, α1, α2) = (0.98, 0.1, 0.5) (5 samples)
(γdec, α1, α2) = (0.98, 0.5, 0.8) (1 sample)
(γdec, α1, α2) = (0.98, 0.5, 0.8) (5 samples)
(γdec, α1, α2) = (0.98, 0.9, 0.95) (1 sample)
(γdec, α1, α2) = (0.98, 0.9, 0.95) (5 samples)

Gaussian noise σ = 10−2

(Unpublished results, June 2017) — α1 ≤ α2 < 1 are extra reduction parameters
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Theory

Observation

The same convergence theory justifies this heuristic!

Looking carefully at the constants in O(·), we have: as γdec → 1−

• ϵmin decreases (still O(√ϵf )) — higher accuracy achievable

• Upper bound on iterations/evaluations decreases (still O(ϵ−2)) — faster

convergence

For example, ϵmin = O

 √
ϵf√

1−
(

1−γdec
1+γdec

)2


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Outline

1. Model-Based DFO

2. Bounded Noise

3. Stochastic Noise with Constraints
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Constrained Stochastic Optimization

Now consider the more complex problem

min
x∈Rn

f (x) = Eω[f (x , ω)] s.t. c(x) = 0

i.e. stochastic noise in the objective with deterministic nonlinear constraints.

Without noise, Sequential Quadratic Programming (SQP) methods are a popular choice

e.g. [Nocedal & Wright, 2006]

• At xk , build linear models for the constraints and quadratic model for the

objective/Lagrangian

• Minimize the objective/Lagrangian model subject to linearized constraints (and

trust region constraint)

• Determine sufficient decrease relative to a merit function,

e.g. Φ(x , µ) := f (x) + µ∥c(x)∥1
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Stochastic Noise

Question

How to handle stochastic noise in the objective (affects interpolation model accuracy

& merit function accuracy/sufficient decrease check)?

In general, need all approximate objective values to have error O(∆2
k).

Option 1: sample averaging/subsampling, Nk = O(∆−4
k ) samples in iteration k , gives

P[good model or accurate merit function] ≥ 1− δ [Fang et al., 2024 & 2026]

Option 2: adaptive sampling — continue adding samples until we are confident we have

a good estimate [Shashaani et al., 2018]

Second option forms part of ASTRO software for simulation optimization, practically

successful.
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Theory

The adaptive sampling says: sample noisy objective f (x , ω) independently N times and

use sample average estimate

f (x) ≈ f N =
1

N

N∑
i=1

f (x , ωi )

Keep adding new samples (i.e. increase N) until we are confident our accuracy is O(∆2
k)

σ̂N√
N
≤ O

(
∆2

k√
αk

)
and N ≥ αk = O(k1+ϵ)

where σ̂N/
√
N is the estimated standard error in f N .

Theorem (Shashaani et al., 2018; Felice et al., 2026)

We have P[|f N − f (x)| > O(∆2
k) i.o.] = 0, and so for the SQP algorithm we have

∥c(xk)∥ → 0 and ∥∇xL(xk ,λk)∥ → 0 almost surely.
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Conclusions & Future Work

Conclusions

• Model-based methods are a practical & theoretically justified DFO approach

• With bounded noise, get convergence to a neighborhood

• Theory justifies existing heuristic for noisy problems

• Adaptive sampling SQP method can handle stochastic objectives & deterministic

nonlinear constraints

Future Work

• Theory for simple heuristic in unbounded noise case

• SQP extension to inequality constraints

Intro to MBDFO: arXiv:2510.04473 (basic convergence, interpolation theory, constrained

& noisy problems, software)
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