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The aim of these lectures is to give an overview of the mathematical theory
underpinning model-based derivative-free optimization (MBDFOQ), part of the broader
class of derivative-free optimization (DFO) algorithms.

Plan for this week:

1. Overview of DFO: motivation, applications, algorithm types

2. Key concepts in MBDFO: algorithmic framework, approximation theory,
convergence guarantees

3. Towards practical MBDFO algorithms: incremental geometry management,
constraints, handling noise, exploiting structure

4. Zaikun Zhang (Sun Yat-Sen University): large-scale problems

5. Sara Shashaani (North Carolina State University): stochastic problems
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Key references

The main reference for these lectures is:

e LR, Introduction to Model-Based Derivative-Free Optimization, arXiv:2510.04473
(2025).

Other important references are:

e C. Audet & W. Hare, Derivative-Free and Blackbox Optimization, Springer (2026).
— Broad and accessible introduction to DFO methods
e A. R. Conn, K. Scheinberg & L. N. Vicente, Introduction to Derivative-Free
Optimization, SIAM (2009).
— Foundational theory of MBDFO
e J. Larson, M. Menickelly & S. M. Wild, Derivative-Free Optimization Methods,
Acta Numerica (2019).
— Broad literature survey of DFO methods

Model-Based DFO (Part 1) — Lindon Roberts (1indon.roberts@unimelb.edu.au) 2



1. Motivation
2. Applications
3. Overview of Algorithms

4. Model-Based DFO
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Gradient Descent

o 1)

For any x, the vector Vf(x) points in the direction of fastest ascent (locally).
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Gradient Descent

in f
o 1)
For any x, the vector Vf(x) points in the direction of fastest ascent (locally).

Gradient descent iterates to a solution by stepping in the —Vf direction

Xk+1 = Xk — aka(xk)
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Gradient Descent

in f
i, fx)
For any x, the vector Vf(x) points in the direction of fastest ascent (locally).

Gradient descent iterates to a solution by stepping in the —Vf direction

Xk+1 = Xk — Oszf(Xk)

Suppose f € CY(R") bounded below and has L-Lipschitz continuous gradients.
If a =1/L for all k, then limy_,o, Vf(xx) = 0.
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Gradient Descent

e 1)

For any x, the vector Vf(x) points in the direction of fastest ascent (locally).

Gradient descent iterates to a solution by stepping in the —Vf direction
Xk+1 = Xk — Oszf(Xk)
Suppose f € CY(R") bounded below and has L-Lipschitz continuous gradients.
If a =1/L for all k, then limy_,o, Vf(xx) = 0.
Can get stronger conclusions under different assumptions, e.g. if f is strongly convex,
then xj, — x*.
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Newton’s Method

The “direction of fastest ascent/descent” is derived from a linear Taylor series.
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Newton’s Method

The “direction of fastest ascent/descent” is derived from a linear Taylor series. If we
have second-order information, then we can use the better Taylor approximation:

1
flxi+ )~ F(xi) + VF(xi) Ts + 55TV (xi)s
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Newton’s Method

The “direction of fastest ascent/descent” is derived from a linear Taylor series. If we
have second-order information, then we can use the better Taylor approximation:

1
flxi+ )~ F(xi) + VF(xi) Ts + 55TV (xi)s

If V2f(xy) is positive definite, then we can minimize the Taylor approximation, giving
Newton's method

Xkp1 = Xk — ax[V2F(xk)] PV F(xk)
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Newton’s Method

The “direction of fastest ascent/descent” is derived from a linear Taylor series. If we

have second-order information, then we can use the better Taylor approximation:
1
flxi+ )~ F(xi) + VF(xi) Ts + 55TV (xi)s

If V2f(xy) is positive definite, then we can minimize the Taylor approximation, giving
Newton's method

Xkp1 = Xk — ax[V2F(xk)] PV F(xk)

Theorem

Suppose f € C2(R") with Lipschitz continuous Hessian, and x* is a local minimizer
with V2f(x*) = 0. If xq is sufficiently close to x* and oy = 1, then x) — x*
quadratically.
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Gradient Descent: Practicalities

Xk+1 :Xk*aka(Xk) or Xk41 :Xk*ak[VZf(Xk)]{LVf(Xk)

e How to calculate derivatives of 7
— Write code by hand
— Finite differences, f'(x) ~ M
— Algorithmic differentiation /backpropagation
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Gradient Descent: Practicalities

Xk+1 :Xk*aka(Xk) or Xk41 :Xk*ak[VZf(Xk)]{LVf(Xk)

e How to calculate derivatives of 7
— Write code by hand
— Finite differences, f'(x) ~ M
— Algorithmic differentiation /backpropagation

e Impractical if function evaluation is black-box, computationally expensive or noisy
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Gradient Descent: Practicalities

Xk+1 :Xk*aka(Xk) or Xk41 :Xk*ak[VZf(Xk)]{LVf(Xk)

e How to calculate derivatives of 7

— Write code by hand

— Finite differences, f'(x) ~ M

— Algorithmic differentiation /backpropagation
e Impractical if function evaluation is black-box, computationally expensive or noisy
e How to pick stepsize/learning rate?

— Calculate L

— Hyperparameter tuning

— Adaptive procedures (e.g. linesearch)
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Gradient Descent: Practicalities

Xk+1 :Xk*aka(Xk) or Xk41 :Xk*ak[VZf(Xk)]{LVf(Xk)

e How to calculate derivatives of 7

— Write code by hand

— Finite differences, f'(x) ~ M

— Algorithmic differentiation /backpropagation
e Impractical if function evaluation is black-box, computationally expensive or noisy
e How to pick stepsize/learning rate?

— Calculate L

— Hyperparameter tuning

— Adaptive procedures (e.g. linesearch)

e Prefer adaptive procedures (no tuning, fits to local curvature, L often not known)
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Derivative-Free Optimization

For black-box, computationally expensive and/or noisy functions, we cannot assume
access to gradient information.

Alternative: derivative-free optimization (DFO)
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Derivative-Free Optimization

For black-box, computationally expensive and/or noisy functions, we cannot assume
access to gradient information.

Alternative: derivative-free optimization (DFO)

e Assume can evaluate f(x) but not Vf(x), etc. (but still assume f is differentiable)

— Harder again are comparison oracles: given x and y, say which is better (but no
values of f), e.g. survey results [Cai et al., 2022; Scheinberg & Xiong, 2026]

e We will focus on local minimization methods (actually, approximate stationary
point: |[VF(x)|| <€)

e Focus on efficient & adaptive methods with no need for parameter
tuning/knowledge of Lipschitz constants
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1. Motivation
2. Applications
3. Overview of Algorithms

4. Model-Based DFO
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Applications

Application 1: Climate Modelling [Tett et al., 2022]

e Parameter calibration for global climate models (least squares minimization)
e One model run = simulate global climate for 5 years = expensive

e Very complicated, chaotic physics = black-box & noisy

180° 120°W 60°W 0°W 60°E 120°E 180°
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Applications

Application 2: Quantum Approximate Optimization Algorithm [Farhi et al., 2014]

e Solve discrete optimization problems (e.g. travelling salesman problem) using
quantum hardware

e Convert to QUBO, maxye{o,1}m v Qv, then to equivalent Hamiltonian/maximum
eigenvalue problem

e Optimize (continuous) parameters of a simple quantum circuit to approximate the
Hamiltonian

max Elp(x)"Hep(x)]

where randomness in ¢(x) comes from stochastic nature of quantum hardware

e Derivatives can be computed, but implementing this is (currently) expensive and
noisy due to hardware limitations
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Applications

Application 3: Adversarial Example Generation [Alzantot et al., 2019]

e Find perturbations of neural network inputs which are misclassified (min. probability
of correct label/max. probability of desired incorrect label)

e Neural network structure assumed to be unknown = black-box

e Want to test very few examples & expensive

o Useful for copyright protection of artists’ work against generative Al [Shan et al., 2024]

+.007 x

“panda”

“gibbon”
57.7% confidence 99.3 % confidence

Image from [Goodfellow et al., 2015]
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Applications

Application 4: Styrene Process Optimization [Audet et al., 2008]

Key component of polystyrene, produced from ethylbenzene

Ethylbenzene is heated over a catalyst, to produce styrene + ethylbenzene,
extracted via distillation

Process is simulated using a complex combination of numerical methods (e.g. ODE
and nonlinear equation solvers)

Goal is to optimize the operating parameters of the process (e.g. heating
temperature, reactor dimensions) to maximize the net present value of the process,
subject to several constraints (e.g. minimum purity of styrene, environmental
regulations, max total investment)

Components of the objective are complex, black-box simulations

Some constraints are unquantifiable: just get feasible/infeasible flag
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Applications

Application 5: Simulation Optimization [Kim et al., 2015]

Problems of the form minyecrn E,[f(x,w)], where f(x,w) that can only be simulated.
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Applications

Application 5: Simulation Optimization [Kim et al., 2015]

Problems of the form minyecrn E,[f(x,w)], where f(x,w) that can only be simulated.

Bus Arrival Problem

People arrive at a bus stop randomly between times t = 0 and t = 1 (uniform
distribution). A bus will leave at t = 1, and we want to schedule a second bus to leave

at another time t € (0,1). What other bus time minimizes the average waiting time?
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Applications

Application 5: Simulation Optimization [Kim et al., 2015]

Problems of the form minyecrn E,[f(x,w)], where f(x,w) that can only be simulated.

Bus Arrival Problem

People arrive at a bus stop randomly between times t = 0 and t = 1 (uniform

distribution). A bus will leave at t = 1, and we want to schedule a second bus to leave
at another time t € (0,1). What other bus time minimizes the average waiting time?
Analytic solution easy, but in general (e.g. location of ambulance bases) we would:

e Generate a large number of random passenger arrival times
e For a given t, calculate the average waiting time for these passengers

e Minimize this quantity with respect to t
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Applications

For example, with NN = 100 samples, an approximate objective function is:

o 14 e o
w > » I
a S o S

Average wait time

e
W
S

e
N
b

0.0 0.2 0.4 0.6 0.8 1.0
Bus time
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Applications

For example, with NN = 100 samples, an approximate objective function is:

Average wait time
o o o o
5 =2 = Q
v &8 & 8

o
W
S

0.25

0.0 0.2 0.4 0.6 0.8 1.0
Bus time

True objective is quadratic, but any finite-N approximation is piecewise linear and
strictly increasing when continuous. Analytic derivatives are useless, finite differencing
often unreliable.
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Applications

For example, with NN = 100 samples, an approximate objective function is:

Average wait time
o o o o
5 =2 = Q
v &8 & 8

o
W
S

0.25

0.0 0.2 0.4 0.6 0.8 1.0
Bus time

True objective is quadratic, but any finite-N approximation is piecewise linear and
strictly increasing when continuous. Analytic derivatives are useless, finite differencing
often unreliable. Similar issues arise for more complex examples (e.g. optimizing

ambulance base locations).
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Applications

In general, DFO is used for optimization problems involving:

e Black-box components (e.g. complex simulations, physical experiments, legacy code
libraries)

e Noise (e.g. Monte Carlo simulations, chaotic dynamics)
e Expensive-to-evaluate functions — subjective!

e Except for ML, usually low—medium scale problems (e.g. n < O(100) variables)
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Applications

In general, DFO is used for optimization problems involving:

e Black-box components (e.g. complex simulations, physical experiments, legacy code
libraries)

e Noise (e.g. Monte Carlo simulations, chaotic dynamics)
e Expensive-to-evaluate functions — subjective!
e Except for ML, usually low—medium scale problems (e.g. n < O(100) variables)

e Inexperienced/lazy/time-constrained users: “| just need a solver that doesn't
require me to do anything”
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Applications

In general, DFO is used for optimization problems involving:

e Black-box components (e.g. complex simulations, physical experiments, legacy code
libraries)

e Noise (e.g. Monte Carlo simulations, chaotic dynamics)
e Expensive-to-evaluate functions — subjective!
e Except for ML, usually low—medium scale problems (e.g. n < O(100) variables)

e Inexperienced/lazy/time-constrained users: “l| just need a solver that doesn’t
require me to do anything”

Hundreds of example use cases in energy systems, material science, astrophysics, etc.,
and growing use in ML [Alarie et al., 2015; Lin et al., 2026]
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2. Applications
3. Overview of Algorithms

4. Model-Based DFO
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Finite Differencing

Finite Differencing

Is [gradient-based algorithm| with finite differencing a DFO method?
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Finite Differencing

Finite Differencing

Is [gradient-based algorithm| with finite differencing a DFO method?

Usually, no: in practice, finite differencing is treated as a way to produce gradients which
are treated as exact.
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Finite Differencing

Finite Differencing

Is [gradient-based algorithm| with finite differencing a DFO method?

Usually, no: in practice, finite differencing is treated as a way to produce gradients which
are treated as exact.

Exception are methods where the FD perturbation size is explicitly controlled
(e.g. implicit filtering takes perturbation to zero in an outer loop) [Kelley, 2011]
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Finite Differencing

Finite Differencing

Is [gradient-based algorithm| with finite differencing a DFO method?

Usually, no: in practice, finite differencing is treated as a way to produce gradients which
are treated as exact.

Exception are methods where the FD perturbation size is explicitly controlled
(e.g. implicit filtering takes perturbation to zero in an outer loop) [Kelley, 2011]

My opinion, other DFO people may disagree
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Stochastic Gradients

Stochastic Gradients

Is [gradient-based algorithm] with stochastic gradients a DFO method?
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Stochastic Gradients

Stochastic Gradients

Is [gradient-based algorithm] with stochastic gradients a DFO method?

No: a stochastic gradient oracle gives you much more information (n pieces of
information). These are gradient-based methods with inexact gradient information.
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Global Optimization Algorithms

Most global optimization algorithms are derivative-free (since gradients give purely local
information), usually for bound-constrained problems (so a global solution exists).
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Global Optimization Algorithms

Most global optimization algorithms are derivative-free (since gradients give purely local
information), usually for bound-constrained problems (so a global solution exists).

Global DFO Local DFO
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Global Optimization Algorithms

Most global optimization algorithms are derivative-free (since gradients give purely local
information), usually for bound-constrained problems (so a global solution exists).

Global DFO Local DFO

o Get global optimum

e Needs to explore whole space
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Global Optimization Algorithms

Most global optimization algorithms are derivative-free (since gradients give purely local
information), usually for bound-constrained problems (so a global solution exists).

Global DFO Local DFO
o Get global optimum e Fewer evaluations needed
e Needs to explore whole space e More scalable

e Can exploit good starting point
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Global Optimization Algorithms

Most global optimization algorithms are derivative-free (since gradients give purely local
information), usually for bound-constrained problems (so a global solution exists).

Global DFO Local DFO
o Get global optimum e Fewer evaluations needed
e Needs to explore whole space e More scalable

e Can exploit good starting point
Focus this week is on a specific class of local DFO algorithms (that borrow heavily from
gradient-based methods). But first, let's look at some alternatives...
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Global DFO: Evolutionary/Genetic Algorithms

Evolutionary algorithms aim to mimic Darwinian evolution:

e Start with a collection (‘population’) of points & evaluate objective for each

e Delete ‘bad’ points from the population
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Global DFO: Evolutionary/Genetic Algorithms

Evolutionary algorithms aim to mimic Darwinian evolution:

e Start with a collection (‘population’) of points & evaluate objective for each

e Delete ‘bad’ points from the population
e Use the remaining ‘good’ points to randomly build a new population
— e.g. pick two ‘parents’ x1, x> and create offspring x = 0x; + (1 — 0)x, with

_ f(x2)
0= f(X1)+2f(x2)
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Global DFO: Evolutionary/Genetic Algorithms

Evolutionary algorithms aim to mimic Darwinian evolution:

e Start with a collection (‘population’) of points & evaluate objective for each

e Delete ‘bad’ points from the population
e Use the remaining ‘good’ points to randomly build a new population
— e.g. pick two ‘parents’ x1, x> and create offspring x = 0x; + (1 — 0)x, with

_ f(x2)
0= f(X1)+2f(x2)

Very flexible (can be adapted to many settings), but usually inefficient.
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Global DFO: Evolutionary/Genetic Algorithms

Evolutionary algorithms aim to mimic Darwinian evolution:

e Start with a collection (‘population’) of points & evaluate objective for each

e Delete ‘bad’ points from the population
e Use the remaining ‘good’ points to randomly build a new population
— e.g. pick two ‘parents’ x1, x> and create offspring x = 0x; + (1 — 0)x, with

_ f(x2)
0= f(X1)+2f(x2)

Very flexible (can be adapted to many settings), but usually inefficient.

A reasonable variant with some theory is CMA-ES (population drawn from multivariate
Gaussian, mean/covariance adjusted based on subset of population with small objective
value). [Hansen & Ostermeier, 1996]
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Global DFO: DIRECT

DIRECT (dividing rectangles) is similar to branch-and-bound: [Jones et al., 1993]

e Divide (bounded) domain into rectangles and evaluate objective in the center of
each
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Global DFO: DIRECT

DIRECT (dividing rectangles) is similar to branch-and-bound: [Jones et al., 1993]

e Divide (bounded) domain into rectangles and evaluate objective in the center of
each
e At each iteration, pick rectangle(s) to subdivide based on
— Current center has small objective value — exploitation
— Current rectangle is large — exploration

Initial rectangles Select potentially optimal rectangles Divide and evaluate

e | o] o |]— | | o | ¢ |—] o | o | o

. . . . . . o [+ -

Image based on [Jones et al., 1993]
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Global DFO: Bayesian Optimization

Bayesian Optimization uses objective values to build a global surrogate (i.e. global
approximation) to the objective: [Shahriari et al., 2016]

e Given all previous evaluations, construct a Gaussian process surrogate
— GP surrogate includes mean & uncertainty information (far from evaluations = high
uncertainty), f(x) ~ m(x) ~ N(u(x),o?(x))
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Global DFO: Bayesian Optimization

Bayesian Optimization uses objective values to build a global surrogate (i.e. global
approximation) to the objective: [Shahriari et al., 2016]

e Given all previous evaluations, construct a Gaussian process surrogate
— GP surrogate includes mean & uncertainty information (far from evaluations = high
uncertainty), f(x) ~ m(x) ~ N(u(x),o?(x))
e Globally optimize a quantity related to the (cheap-to-evaluate) surrogate to get the
next evaluation
— e.g. maximize expected improvement, El(x) := E[max(fmin — m(x),0)]

—— Objective
— GPmean
GP 95% CI

— El

A\
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Local DFO: Direct Search

Direct search methods undertake local optimization by sampling points in a
neighborhood of the current iterate using structured /geometric approaches to select new
points. [Kolda et al., 2003]

Three important classes of direct search methods are:

e Nelder—-Mead (the other simplex method)
o Generalized Pattern Search (GPS)
e Mesh Adaptive Direct Search (MADS)
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Local DFO: Direct Search

Direct search methods undertake local optimization by sampling points in a
neighborhood of the current iterate using structured /geometric approaches to select new
points. [Kolda et al., 2003]

Three important classes of direct search methods are:

e Nelder—-Mead (the other simplex method)
o Generalized Pattern Search (GPS)
e Mesh Adaptive Direct Search (MADS)

Compared to model-based DFO (the focus of these lectures), direct search methods are
usually* less efficient, but their simplicity means they are more developed for more

complex problems (mixed integer, nonsmooth, multi-objective, ...).

* unless they are accelerated using model-based techniques

Model-Based DFO (Part 1) — Lindon Roberts (1indon.roberts@unimelb.edu.au) 23



Local DFO: Nelder—Mead

Nelder—-Mead /simplex method maintains a simplex (n + 1 points in R"), which is
changed at each iteration. [Nelder & Mead, 1965]
At each iteration, points are ordered by objective value, and (usually) the worst is
replaced by a point on the line through the centroid of the rest:

~
[
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Local DFO: Nelder—Mead

Nelder—-Mead /simplex method maintains a simplex (n + 1 points in R"), which is
changed at each iteration. [Nelder & Mead, 1965]
At each iteration, points are ordered by objective value, and (usually) the worst is
replaced by a point on the line through the centroid of the rest:

~
[

Very popular (Numerical Recipes), but provably non-convergent without modifications
(e.g. sufficient decrease) & practically inefficient

[McKinnon, 1998; Kelley, 1999]
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Local DFO: Generalized Pattern Search

In generalized pattern search (GPS), we search finitely many directions around the
current iterate, accepting any improvement and dynamically adjusting the stepsize.
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Local DFO: Generalized Pattern Search

In generalized pattern search (GPS), we search finitely many directions around the
current iterate, accepting any improvement and dynamically adjusting the stepsize.
e Poll directions must always contain a descent
direction

d"(~V(xk)) _

max —————— - > £ >0
deDy ||d|| [|VF(x )H

e Either accept based on sufficient decrease, or
ensure all points lie on a rational lattice
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Local DFO: Generalized Pattern Search

In generalized pattern search (GPS), we search finitely many directions around the
current iterate, accepting any improvement and dynamically adjusting the stepsize.
e Poll directions must always contain a descent
direction

d"(~V(xk)) _

maX ————— K > 0
deDy ||d| [[VF(x )H

e Either accept based on sufficient decrease, or
ensure all points lie on a rational lattice

Standard choice is Dy = {*e1,...,+te,}, but theoretical & practical speedups possible
using randomized directions (only contain descent direction with some probability).
[Gratton et al., 2015; LR & Royer, 2023]
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Local DFO: Mesh Adaptive Direct Search

Mesh Adaptive Direct Search (MADS) is similar to GPS, but poll directions are taken
from an increasingly fine lattice. [Audet & Dennis, 2006; Abramson et al., 2009]
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Local DFO: Mesh Adaptive Direct Search

Mesh Adaptive Direct Search (MADS) is similar to GPS, but poll directions are taken
from an increasingly fine lattice. [Audet & Dennis, 2006; Abramson et al., 2009]

Over infinitely many iterations, poll directions are dense on the unit sphere =—-
convergence for nonsmooth problems (inc. arbitrary constraints). Basis for widely used

NOMAD software. [Le Digabel, 2011; Audet et al., 2022]
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Local DFO: Randomized Finite Differencing

In ML, where n is usually very large, zeroth order optimization is usually performed using
randomized finite differencing:

1 f(x + hu;) — f(x)
Vi)~ () = gy > =,
for finite difference parameter h > 0 and random directions uy, ..., uy (e.g. standard
Gaussian). [Ghadimi & Lan, 2013; Nesterov & Spokoiny, 2017]
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In ML, where n is usually very large, zeroth order optimization is usually performed using

randomized finite differencing:

1 f(x + hu;) — f(x)
Vi)~ () = gy > =,
for finite difference parameter h > 0 and random directions uy, ..., uy (e.g. standard
Gaussian). [Ghadimi & Lan, 2013; Nesterov & Spokoiny, 2017]

Allows us to get a full-dimensional (i.e. n entry) gradient approximation with few
evaluations of f = use in your favorite stochastic gradient method.
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Local DFO: Randomized Finite Differencing

In ML, where n is usually very large, zeroth order optimization is usually performed using

randomized finite differencing:

f(x + hu;) — f(x)

<
Py
=
¢
pil
=
i
==

: h uj,

i=1
for finite difference parameter h > 0 and random directions uy, ..., uy (e.g. standard
Gaussian). [Ghadimi & Lan, 2013; Nesterov & Spokoiny, 2017]

Allows us to get a full-dimensional (i.e. n entry) gradient approximation with few
evaluations of f = use in your favorite stochastic gradient method.

Can prove bounds reminiscent of SGD analysis: if Vf is L-Lipschitz continuous,
IVF(x)||? + n2L2h2>

N
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2. Applications
3. Overview of Algorithms

4. Model-Based DFO
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Model-Based DFO

The focus of this week is model-based DFO (MBDFO). MBDFO follows the basic
framework of standard derivative-based algorithms, but replaces Taylor-type
approximations with locally accurate models.
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Model-Based DFO

The focus of this week is model-based DFO (MBDFO). MBDFO follows the basic
framework of standard derivative-based algorithms, but replaces Taylor-type
approximations with locally accurate models.

The basic approach behind an MBDFO algorithm is:

e Use evaluations at points near x, to build a local model for the objective
e Perform one iteration of a standard algorithm (using this model instead of a
Taylor-type approximation) to get xx41
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Model-Based DFO

The focus of this week is model-based DFO (MBDFO). MBDFO follows the basic
framework of standard derivative-based algorithms, but replaces Taylor-type
approximations with locally accurate models.

The basic approach behind an MBDFO algorithm is:

e Use evaluations at points near x, to build a local model for the objective
e Perform one iteration of a standard algorithm (using this model instead of a
Taylor-type approximation) to get xx41

Theoretically, the core idea is:

e Select ‘good points' to build the model
e Model error = O(Taylor series error)
e Derivative-based convergence theory still holds
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When we analyze MBDFO, we will usually consider the smooth, nonconvex,

unconstrained problem
min f(x
x€R" ( )
where f is differentiable (but we don't have access to V£ in our algorithm)
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Assumptions

When we analyze MBDFO, we will usually consider the smooth, nonconvex,
unconstrained problem

min f(x

xeR" ( )
where f is differentiable (but we don't have access to V£ in our algorithm)

Assumption (standard)

f : R"” — R has L-Lipschitz gradient and is bounded below by fio,

This is standard to prove convergence of algorithms to first-order optimal points
(ie. [|[VF(xk)| — 0).
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Assumptions

When we analyze MBDFO, we will usually consider the smooth, nonconvex,

unconstrained problem

in f
xngﬁg" (X)

where f is differentiable (but we don't have access to V£ in our algorithm)

Assumption (standard)

f : R"” — R has L-Lipschitz gradient and is bounded below by fio,

This is standard to prove convergence of algorithms to first-order optimal points
(i.e. [VFf(xk)|| = 0). Lipschitz gradient implies an error bound on a first-order Taylor

series:
L n
\f(y)—f(X)—Vf(X)T(y—X)ISglly—XII2, Vx,y €R
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Motivation

What type of (standard) derivative-based algorithm is best suited to MBDFO?
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Motivation

What type of (standard) derivative-based algorithm is best suited to MBDFO?

Suppose we analyze a linear model derived from finite differencing:
f(xx + he;) — f(xk)
h

f(y) ~ mi(y) == f(xx) + g (y —xi),  where [g,]i =
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Motivation

What type of (standard) derivative-based algorithm is best suited to MBDFO?

Suppose we analyze a linear model derived from finite differencing:
f(xx + he;) — f(xk)

f(y) ~ mi(y) == f(xx) + g (y —xi),  where [g,]i =

h
Standard error analysis for finite differencing gives e.g. [Nocedal & Wright, 2006]
Lh nLh
g~ VAl < = ek Vel < Y
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Motivation

T ——

What type of (standard) derivative-based algorithm is best suited to MBDFO?

Suppose we analyze a linear model derived from finite differencing:
f(xx + he;) — f(xk)

f(y) ~ mi(y) == f(xx) + g (y —xi),  where [g,]i =

h
Standard error analysis for finite differencing gives e.g. [Nocedal & Wright, 2006]
Lh nLh
g~ VAl < = ek Vel < Y

So, the model error is

1F(y) — mi(y)| < IF(y) = F(xk) = VE(x) T (y = xi)| + (VF(xk) — &) T (y — x4)|
Jith
2
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Motivation

So, if we choose xj.1 to decrease our model, we will need to quantify the decrease in

the objective via

\/nLh
2

L
F(xkt1) — Mie(xkp1)] < =Xk — xil® + [ XK1 — Xk|]
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So, if we choose xj.1 to decrease our model, we will need to quantify the decrease in
the objective via

L nLh
|F(xkr1) — Mi(xpg1)| < =l xkgr — xill® + \fz [ XK1 — Xk|]

The first term gives us a limit on how accurate our model can be (Taylor error), so it
makes sense to pick h to make the second term a similar size (too small = significant
rounding errors)

h=O(|lxk+1 — xkll)
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So, if we choose xj.1 to decrease our model, we will need to quantify the decrease in
the objective via

L nLh
|F(xkr1) — Mi(xpg1)| < =l xkgr — xill® + \fz [ XK1 — Xk|]

The first term gives us a limit on how accurate our model can be (Taylor error), so it
makes sense to pick h to make the second term a similar size (too small = significant
rounding errors)

h=O(|lxk+1 — xkll)

But, we need h to form g, before xy1 is known!
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Motivation

So, if we choose xj.1 to decrease our model, we will need to quantify the decrease in

the objective via

\/nLh
2

The first term gives us a limit on how accurate our model can be (Taylor error), so it

L
[f(Xk1) — mi(xp1)| < §||Xk+1 — xk? + [ XK1 — Xk|]

makes sense to pick h to make the second term a similar size (too small = significant

rounding errors)
h = O(|Ixk1 — xll)

But, we need h to form g, before x, 1 is known!

Is there a framework that allows us to know ||xx4+1 — X|| a priori?
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Trust-Region Methods

Trust-region methods are a standard class of nonconvex optimization algorithms, widely
used in practical software. [Conn, Gould & Toint, 2000]

At each iteration, we update a radius Ay, > 0 that controls the maximum allowable
stepsize, based on how accurate the model has been in practice.
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Trust-Region Methods

Trust-region methods are a standard class of nonconvex optimization algorithms, widely
used in practical software. [Conn, Gould & Toint, 2000]

At each iteration, we update a radius Ay, > 0 that controls the maximum allowable
stepsize, based on how accurate the model has been in practice.

e Given xy, define a local model (e.g. Taylor series, quasi-Newton approximation)

Fy) = mily) =+ &L (y —xi) + 5 (v — x) Hely — xe)
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Trust-Region Methods

Trust-region methods are a standard class of nonconvex optimization algorithms, widely
used in practical software. [Conn, Gould & Toint, 2000]

At each iteration, we update a radius Ay, > 0 that controls the maximum allowable
stepsize, based on how accurate the model has been in practice.

e Given xy, define a local model (e.g. Taylor series, quasi-Newton approximation)

Fy) = mily) =+ &L (y —xi) + 5 (v — x) Hely — xe)

e Locally minimize the model to get a tentative step (how? — tomorrow)

Sk A~ argmin my(xx + S)
lIslI<Ax
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Trust-Region Methods

e Given tentative step sy, evaluate f(x, + sx) and assess the quality of the step

actual decrease  f(xy) — f(xx + sk)

Pk = predicted decrease  my(xx) — my(xx + Sk)
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Trust-Region Methods

e Given tentative step sy, evaluate f(x, + sx) and assess the quality of the step

actual decrease  f(xy) — f(xx + sk)

Pk = predicted decrease  my(xx) — my(xx + Sk)

e Accept/reject the step and update trust-region radius:
— (Very successful) If p, > 0.7, set xp11 = xx + Sk and A1 = 20,
— (Successful) If 0.1 < px < 0.7, set xx11 = Xk + Sk and Ay = Ay
— (Unsuccessful) If px < 0.1, set xx41 = xx and Ayiq = %Ak

Model-Based DFO (Part 1) — Lindon Roberts (1indon.roberts@unimelb.edu.au) 34



Trust-Region Methods

e Given tentative step sy, evaluate f(x, + sx) and assess the quality of the step

actual decrease  f(xy) — f(xx + sk)

Pk = predicted decrease  my(xx) — my(xx + Sk)

e Accept/reject the step and update trust-region radius:
— (Very successful) If p, > 0.7, set xp11 = xx + Sk and A1 = 20,
— (Successful) If 0.1 < px < 0.7, set xx11 = Xk + Sk and Ay = Ay
— (Unsuccessful) If px < 0.1, set xx41 = xx and Ayiq = %Ak
In practice, accept any step with decrease (px > 0), but decrease radius when
pr < 0.1.

Model-Based DFO (Part 1) — Lindon Roberts (1indon.roberts@unimelb.edu.au) 34



Trust-Region Methods

e Given tentative step sy, evaluate f(x, + sx) and assess the quality of the step

actual decrease  f(xy) — f(xx + sk)

Pk = predicted decrease  my(xx) — my(xx + Sk)

e Accept/reject the step and update trust-region radius:
— (Very successful) If p, > 0.7, set xp11 = xx + Sk and A1 = 20,
— (Successful) If 0.1 < px < 0.7, set xx11 = Xk + Sk and Ay = Ay
— (Unsuccessful) If px < 0.1, set xx41 = xx and Ayiq = %Ak
In practice, accept any step with decrease (px > 0), but decrease radius when
pr < 0.1.

For convergence, need an accurate model (e.g. Taylor series) and sufficiently good step
calculation (predicted decrease sufficiently large).
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MBDFO Algorithm

MBDFO

For MBDFQ, the accuracy of our model will depend on the desired radius of

approximation — trust-region methods guarantee our next iterate lies in this radius.
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MBDFO Algorithm

MBDFO

For MBDFQ, the accuracy of our model will depend on the desired radius of

approximation — trust-region methods guarantee our next iterate lies in this radius.

A trust-region MBDFO algorithm looks like:

e Given xj and Ay, evaluate f at some points Y close to B(x, Ag) and form an
interpolating quadratic model:

Fly) ~ mely) = F(xe) + 8Ly — x6) + 50y — x) Hely — xe)

such that my(y) = f(y) for all y € Vi
e Run a standard trust-region iteration to get x,y1 and A1 and use this
information to pick Vi1
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Example: Model-Based DFO

1. Choose interpolation set
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Example: Model-Based DFO

2. Interpolate & minimize...

Model-Based DFO (Part 1) — Lindon Roberts (1indon.roberts@unimelb.edu.au) 36



Example: Model-Based DFO

3. Add new point to interpolation set (replace a bad point)
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Example: Model-Based DFO

4. Repeat with new interpolation set & model
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Example: Model-Based DFO

4. Repeat with new interpolation set & model
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Next steps

There are several important questions that we need to answer tomorrow:

e What interpolation model error bounds are achievable?
e What (if any) modifications are needed to the standard trust-region iteration?
e What is the theoretical convergence penalty (if any) from the absence of gradients?

e How should the interpolation set )i be chosen/updated to guarantee accurate

models while minimizing the number of (possibly expensive) objective evaluations
required?
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